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This paper is an addendum to our paper ( 1 ] in which we discussed the 
existence and uniqueness of solutions of the initial value problem for the 
Vlasov-Maxwell system of equations in one space dimension. These 
equations are used to model longitudinal oscillations of a plasma when the 
ions are considered a stable background. If F(x, u, t) is the electron 
probability distribution and F(x, t) is the electric field, the Vlasov-Maxwell 
system is 
F(.u, ~7. 0) = j-(x, L’), (l-2) 
g (x, f) = 1. [n(c) - F(x, L’, t) 1 dt!, 
r- 
g (x, t) = 1. [F(x. c, t) - n(v,]u dc. 
(1.3) 
(1.4) 
The function n(~) represents the background ion density, and f(x, v) is the 
initial electron density. 
Physicists usually treat the Vlasov-Poisson system consisting of (1. I), 
(1.2) and (1.3). It is generally assumed that the fourth equation is a conse- 
quence of the first three, and the fourth equation is invoked whenever 
convenient. This assumption is justified for unbounded plasmas, for example, 
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when the boundary conditions on the field are limX+-toc F-(x, t) = 0 (see 
[1121). 
However, in the case of a confined plasma we shall see that Eq. (1.4) is 
not always satisfied. We shall study a boundary value problem for periodic 
solutions of the Vlasov-Poisson system and determine how its solutions are 
related to the solutions of the Vlasov-Maxwell system. 
Specifically, we look for solutions of (l.l), (1.2) and (1.3) such that 
x + F(x, v, t) and x -+ V(x, f) have period 2 in x and such that 
1_’ F(x,t)&=O forall f>O. 
.-I 
(1.5) 
We shall assume that f(x, tl) is continuous on lR2, and that x + f(.~ a) has 
period 2. n(tl) is assumed continuous on R, with I > 0. In addition we 
assume that 




1. [j-(x, tl) - n(o)] dtl dx = 0. 
We shall assume this to be the case from now on. 
Our results will be valid for generalized solutions of either the 
Vlasov-Poisson system or the Vlasov-Maxwell system. By this we shall 
mean a pair of functions (F(x. t), F(x, ~1. f)) such that 
(i) F(x, f), (%/ax)(x, t), and (%‘/at)(x, t) are continuous on 
IF; X [O. co), and bounded on IF X [0, T] for each T > 0; 
(ii) F(x, U, f) is continuous on IF” x [0, co) and is constant on the 
characteristic curves. 
dx du 
dt = “’ 
- = 4(x, t); 
df 
(iii) F and F satisfy (1.2), (1.3) and (1.5). or (1.2), (1.3), and (1.4). 
In the following lemma we shall deduce some of the properties of periodic 
solutions of the Vlasov-Poisson system with condition (1.5). 
LEMMA 1. Let (Z, F) be a generalized solution of period 2 in x of ( 1.1). 
(1.2), (1.3) and (1.5). Then the following quantifies are conserved: 
409!84.‘2 23 
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(i) The total number of electrons, I!, 1 F(x, u, t) dt, dx; 
(ii) the space aoerage of the current, 4 j!, j’ [F(x, c. t) - n(u)]v dv dx; 
(iii) The energy, i!, j F(x, u, f) u’do dx + j!, a”(~, t) dx, prouided 
that _(_ 1f(x, tl)l ~1’ dc < co and j n(c) ~1’ dL! < 00. However, P and F will not 
in general satisjj (1.4) because 
(iv) (S/&)(x, t) = .I’ (F(x, L’, t) - n(c)]c dv - .7;, bchere .& = 
+.I’!,!. [f(x,tl)- (!)I ld n L L u is the space average of the current at t = 0. 
Remark. The initial current was denoted ?‘i in [ 11, as if it were a 
velocity. The terms current and ./‘(, seem more appropriate. 
Proof. Property (i) follows from the fact that F is continuous on the 
trajectories of (1.6), and that F has period 2 in x (see the proof of Theorem 7 
of Ill)* 
As in the proof of Theorem 6 of [ 11, one may calculate 
$ // 
-I 
J’ F(x, L’, t) dc d,y = - 1” 
.-I. 
1. 8(x, t) F(x, t!, f) du 
= -1.’ F(x. t) (1. u(c) du - F.(x, I)) dx I 
-I 
because of (1.3). The periodicity of K and (1.5) then imply that (ii) is 
satisfied. 
Next we prove (iv). We integrate Eq. (1.3) from a point J’ E [-1, I] to 
another point xE [-1, 11: 
F(x, t) = F(y, I) + (x - y) 1. n(L)) dtl - I-.’ [ F(<, ~1, t) du dc. 
“? - 
Hence 
Using the method of [ 1, Lemma 3, p. 3131, we can easily show that 
Therefore 
g (x. I) = $ (J: f) + 1. F(x, u, t)u dv - I’ F(y, ~1, t)u dtl 
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We now take the space average of each term in this equation with respect to 
1’ and employ (1.5) to deduce 
= 1 [F(x, u, I) - n(u)]c du 
[F( y, u, t) - n(v)]u dv dv. 
The assertion then follows from (ii). 
Finally we return to prove (iii). Following the argument of Theorem 7 of 
[ 1, p. 3281, we find that 
= -2 (_I 
-1 
2-(x. t) (F(x, ~1, t)tl du d.u 
= -2 )_I F(x, t) 
. -1 [ 
Ft(x, t) + + j-’ j-S(r, u)u du dy dx. 
-I 1 
where have used (iv). Since J’k, ?(x, f) dx = 0, we have 
F(x, u, f) t” du dx = - $ j’ F’(x, t) dx, 
-I 
which proves (ii). 
Solutions of the Vlasov-Poisson system and (1.5) can be transformed into 
solutions of the Vlasov-Maxwell system by a change of coordinates. 
LEMMA 2. Let (?‘, F) be a generalized solution of period 2 in x of (1.1). 
(1.2), (1.3) and (1.5). Let y(t) be any solution of 
fr + a’$ = .Fo, w(0) = 0. 
here a2 = J’ n(v) dtl and Fh = f j\, j [f(x, v) - n(u)]v dv d-y is the initial 
current. Set 
and 
WY, u, f) = F(J) + v(f), u + vf(f), t) 
5 (.Y, f) = I%?( y + V(f), f) + w”(t). 
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Then (.‘G, H) is a generalized solution or period 2 in y of (1. I), (1.2), (1.3), 
and (1.4) such thar 
c(f) =; /’ 6 (J’, f) dy = I#‘([). 
-I 
ProoJ First we note that if (x(r), c(f)) is a solution of (1.6) with 
X(O) = x, and u(0) = t’,. then 
y(t) = S(f) - w(t) and u(t) = U(f) - l/(t) 
is a solution of 
(1.7) 
with y(O) = x(O) = x0 and u(0) = c(O) - w’(O) = L’, - w’(O). Since F is 
constant on the trajectories of (1.6), H will be constant on the trajectories of 
(1.7). 
Next we check that 
= 1’ In(u) - F(.v + y(f), L’. t)] dc 
= 1. [n(u) - F(y + y(f), u + y/‘(t), f)] du 
= 1. [n(U) - %‘, u, r)J du 
so that (1.3) is satisfied. Now we turn to (1.4). 
g (Y, t) = g (y + w(t), f) + y’(f) g (y + y(t), I) + l//“‘(f) 
= _(. [F(y + y(t), ~1, f) - n(u)]v dv - .FO 
+ v’(t) 1. [n(v) - F(y + v(f). c, f)] dc + w”‘(f), 
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where we have used part (iv) of Lemma 1 to express gl. Setting u = u + I/ in 
the first integral and rearranging terms, we arrive at 
g (y, t) = )_ [H(y, u, t) - n(u)lu du + I//“’ + a*~//’ -.PO. 
Hence (1.4) is satisfied because I/” + a*$ = .PO. 
PROPOSITION 1. Let (U, F) be a generalized solution of period 2 in x of 
(1.1). (1.2) (1.3) (l-4), and (1.5). Then there is a Galilean fransformation 
such that the transformed functions (.V, H) satisfy (1.1). (l.Z), (1.3). (1.4). 
and (1.5). 
Proof Let 0* = .?0/a2 and let v(t) = o,t. Then v satisfies the 
hypotheses of Lemma 2 so that 
and 
.c ( y, t) = F( y + L’*i, t) 
satisfies (1.1) ,..., (1.5). 
Remark. Proposition 1 indicates in what sense Eq. (1.4) can be said to 
be a consequence of (1.1) and (1.3). It should be noted, however, that the 
choice of reference frame determined by u* depends on the initial data, and 
that the initial data are modified by the transformation. 
In the next proposition we choose w, which conserves the initial data, but 
which transforms the equation into an accelerated frame of reference. 
PROPOSITION 2. Under the hypotheses on f and n, there is a one-to-one 
correspondence between generalized solutions (a, F) of (1. l), (1.2), (1.3) 
and (IS), and generalized solutions (.?,H) of (l.l), (1.2), (1.3) and (1.4) 
with the initial conditions 
H(Y, u,O)=F(y, u,O)=f(y,u) 
and 
j;;C(y,O)dy=O 
Proof: We choose 
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in Lemma 2. Note that 
= AL sin at 
a 
using the periodicity of Y. 
In particular .?(O) = i J‘\, .6 (y, 0) dq’ = 0. Since u/‘(O) = 0, we also have 
H( J’, u. 0) = F( ?‘, u, 0) = f( ?‘, u). 
According to Theorem 5 of [ 11, there is a unique generalized solution of 
(1.1). (1.2), (1.3), and (1.4) such that 
[’ I=(y,O)dy=O. 
.-I 
The inverse transformation is given as follows: With .F(t) = f j’, .G (J, t) do, 
we set 
F(x, I’, t) = H x - (-I (t -s) .F(s)ds, u - (_( F-(s) ds, f) , 
.O .I3 
7(x. t) = v (A- - 1” (t - s) .F(s) ds, f ) . 
.o 
Then it is trivial to verify that (F, F) satisfies (l.l), (1.2), (1.3), (1.5) and 
F(x, c, 0) = H(x. L’, 0) = f(x, u). 
Remark. Theorem 5 of [ 11 and Proposition 2 can be combined to prove 
existence and uniqueness of generalized solutions, periodic in x. of the 
Vlasov-Poisson system, subject to condition (1.5 ). 
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